Abstract. Let K be a global function field of characteristic 2. For each nontrivial place v of K, let Kv be the completion of K at v. We show that if two non-degenerate quadratic forms are similar over every Kv, then they are similar over K. This provides an analogue of the case for characteristic not 2 previously obtained by T.Ono.
Introduction
Let K be a global field. Let Ω K be the set of non-trivial places of K. For each v ∈ Ω K , let K v be the completion of K at v. Let q be a non-degenerate quadratic form over K. The Hasse-Minkowski theorem establishes that q is isotropic over K iff q ⊗ K K v are isotropic over K v for all v ∈ Ω K . For the characteristic not 2 case, see, for example, [O'M00, 66:1]. For the characteristic 2 case, see [Pol70, Th.3 .2]. As a consequence, two non-degenerate quadratic forms f and g over K are isometric over K iff f ⊗ K K v and g ⊗ K K v are isometric over K v for all v ∈ Ω K . We are also interested in the classification of quadratic forms up to similarity. Let F be a field. Two quadratic forms f and g over F are similar if there exists a ∈ F * such that f and ag are isometric.
Let K be a global field of characteristic not 2. Two quadratic forms f and g are similar over K iff f ⊗ K K v and g ⊗ K K v are similar over K v for all v ∈ Ω K by [Ono55, Th.1]. A cohomological version of Ono's theorem is provided in [Cor92, Th.2.5']. The Hasse principle does not hold for similarity of nonsymmetric bilinear forms by [Cor93] . The Hasse principle holds for similarity of hermitian forms fails in general and only holds in special cases by [LUVG05, Cons.2.11, Th.2.22, Th.3.33]. A new proof of Ono's theorem is given by [PR10, Prop.8.7] .
In this paper, we assume that K is a global function field of characteristic 2 and show that two non-degenerate quadratic forms f and g are similar over K iff
3). The idea of the proof is that nondegenerate quadratic forms over a field of characteristic 2 and separable dimension ≤ 2 are classified up to isometry by their rank, discriminant and Clifford invariant, see [BFT07, Th.2.1].
Let F be a field of characteristic 2 and F * = F − {0} its multiplicative group. Let H n 2 (F ) be the Milne-Kato cohomology as in [Mil76] and [Kat82] . We say that F has separable dimension sd 2 (F ) ≤ 2 if H Let V be an F -vector space of dimension n. Let q be a nondegenerate quadratic form on V . We denote by q an the anisotropic part of q, i 0 (q) the Witt index of q. For two non-degenerate quadratic forms q and q ′ , we write q ≃ q ′ if they are isometric; and q ∼ q ′ if they are similar in F , i.e. q ≃ aq ′ for some a ∈ F * . The rank of q is n. Let b q be the symmetric bilinear form such that b q (x, y) = q(x + y) − q(x) − q(y) for all x, y ∈ V . Let Rad(b q ) = {v ∈ V | b q (v, w) = 0 for all w ∈ V } and Rad(q) = {v ∈ Rad(b q ) | q(v) = 0}. We call
denote the binary quadratic form q with basis e 1 , e 2 such that q(e 1 ) = a, q(e 2 ) = b and b q (e 1 , e 2 ) = 1. Let H = [0, 0] denote the hyperbolic plane over F . By [EKM08, Cor.7.32], for every nondegenerate quadratic form q over F ,
when n is even.
when n is even. a, b ∈ F and a, b F is the quaternion F -algebra generated by i, j such that i 2 = a, j 2 = b and ij + ji = 1. The Schur index of q is ind(q) = ind(clif(q)).
The local-global principle
In this section, we prove the local-global principle for the similarity of nondegenerate quadratic forms over a global function field of characteristic 2.
Lemma 2.1. Let F be a non-archimedean local field of characteristic 2. Let q be a non-degenerate quadratic form of rank n over F . Let m = rank(q| Rad(bq ) ⊥ q an ).
(1) Suppose n is odd. Then
• m = 1 iff ind(q) = 1.
• m = 3 iff ind(q) = 2.
(2) Suppose n is even. Then
• m = 0 iff disc(q) is trivial and ind(q) = 1.
• m = 2 iff disc(q) is non-trivial and ind(q) ∈ {1, 2}.
• m = 4 iff disc(q) is trivial and ind(q) = 2.
Proof. Since F is a non-archimedean local field of characteristic 2, every quadratic form of rank > 4 is isotropic [Bae82, Th.1.1]. Then m ≤ 4. Since m + 2i 0 (q) = n, we have m ≡ n(mod 2). Since F is local, we have 2 Br(F ) ≃ Z/2 and ind(q) = ind(clif(q)) = per(clif(q)) ∈ {1, 2}.
(1) When n is odd, dim(q| Rad(bq) ) = 1. Suppose disc(q) = dF
clif(q) is the Brauer class of
have the same rank n, the same discriminant dF ×2 ∈ F × /F ×2 and the same Clifford invariant 0 ∈ 2 Br(F ). Thus, by [BFT07, Th. case, ind(q) = 1 and hence ind(q) = 2. The biquaternion algebra
Lemma 2.2. Let F be a non-archimedean local field of characteristic 2. Let V be an F -vector space of dimension n. Let f and g be two non-degenerate quadratic forms on V . Then
when n is odd, i 0 (f ) = i 0 (g) and disc f = disc g, when n is even. 
We may assume that a 1 = 0 and a 2 = 0. If Arf(f ) = Arf(g), i.e.
, we obtain ind(f ) = ind(g) = 2 by Lemma 2.1(2). Again, since F is a local field, 2 Br(F ) ≃ Z/2. Also, per(clif(f )) = 2 = per(clif(g)). Then clif(f ) = clif(g). Now, by [BFT07, Th.2.1], f ≃ g and hence f ∼ g. Theorem 2.3. Let K be a global function field of characteristic 2. Let V be a K-vector space of dimension n. Let f and g be non-degenerate quadratic forms on V . Let Ω K be the set of all non-trivial places of K. For each v ∈ Ω K , let K v be the completion of K at v and f v , g v the scalar extensions of f, g to K v , respectively. If
Proof. Since K is a global function field, every non-trivial place v ∈ Ω K is nonarchimedean. We are free to use Lemma 2.1 and Lemma 2.2 for all K v .
Case 1: n is odd.
Case 2: n is even. Since f v ∼ g v in K v for all v, by Lemma 2.2, we have
Subcase 2b: ind(C(f s ) ⊗ K C(g s )) = 2 for some s ∈ S. Then ind(C(f s ) ⊗ F C(g s )) = 2. Since K v is local, we have 2 Br(K v ) ≃ Z/2 and ind(C(f v ) ⊗ F C(g v )) = per(C(f v ) ⊗ F C(g v )) ∈ {1, 2} for all v ∈ Ω K . By the Albert-Brauer-Hasse-Noether theorem, ind(C(f ) ⊗ F C(g)) = lcm v∈ΩK ind(C(f v ) ⊗ F C(g v )) = 2. Suppose Q is a quaternion division K-algebra such that [Q] = [C(f ) ⊗ F C(g)] in Br(K). Now we take d ∈ ℘ −1 (disc(g)) and show that Q ⊗ K(d) is split. 
